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$H$ $B(H)$ $T\in B(H)$ normal
operator $(TT^{*}=T^{*}T)$ $T$ $T$
– hyponormal
operator $(TT^{*}\leq T^{*}T)$ , semihyponormal operator $((TT^{*})^{\frac{1}{2}}\leq(T^{*}T)^{\frac{1}{2})}$
Xia [12] – p-hyponormal
operator $((TT^{*})^{p} \leq(T^{*}T)^{p}, 0<p<\frac{1}{2})i$ Aluthge [.1]
Ch\={o}, Itoh $[3, 4]$ , Furuya [10], Yoshino
[13] $P^{- \mathrm{h}}\mathrm{y}\mathrm{p}\mathrm{o}$.normal operator $\circ$
$$ #-\acute – $\log$-hyponormal operator..
pyhyponormal operator $\log$-hyponormal operator
$\log$-hyponormal operator Aluthge transform, Putnam’s inequality,
Angular cutting
[ 1.1] $T\in B(H)$ $\log$-hyponormal
$\log(TT^{*})\leq\log(\tau*\tau)$ .
$\log x$ : $(0, \infty)arrow(-\infty-, \infty)$ operator monotone
$r$hyponormal operator $\log$-hyponormal
Ando [2] Ando [2] $T$ $T^{*}T,$ $TT^{*}$
compression $A,$ $B$ $\log B\leq\log A$ $\mathrm{k}\mathrm{e}\mathrm{r}T\subset \mathrm{k}\mathrm{e}\mathrm{r}T^{*}$ $T$
paranormal $(||TX||2\leq||T^{2}x||||x||)$ $\log$-hyponormal oper-
ator Ando [2] log-hyponormal operator
paranormal
$\log$-hyponormal $0<p$ $P$-hyponormal op-
erator
[ 121 $H= \bigoplus_{n=-\infty}\mathbb{C}^{2}\infty$ $x=(\cdots,x_{-1},x_{\mathit{0}}, x_{1}, \cdots)\in H,$ $||x||^{2}=$
$\sum_{n=-\infty}^{\infty}||x_{j}||^{2}<\infty$ $A,$ $B$
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$P\in B(H)$
$(Px)_{n}=\{$
$Bx_{n}$ $n\leq 0$ ,
$Ax_{n}$ $1\underline{<}n$






$(2\log A-2\log B)x_{1}$ $n=1$
[6] $\log B\leq\log A$ $B^{2p}\leq A^{2p}$ $0<p$




Aluthge [1] p-hyponormal operator $T \in B(H)(0<p<\frac{1}{2})$ $T=U|T|,$ $U$
unitary operator Aluthge transform $\tilde{T}=|T|^{\frac{1}{2}U|}T|\frac{1}{2}$ $(p+ \frac{1}{2})-$
hyponormal Aluthge transform $T$
Furuta, Yanagida $[8, 9]$ Yoshino
[13], Furuya [10]
[ 21 ( Yoshino [13], -Furuya [10] )] $T\in B(H)$ p-hyponormal




$T(s, t)T(-s, t)^{*}\leq|T|^{2}(s+t)\leq T(s, t)^{*}T(s,t)$
Aluthge transform $T(s, t)$ hyponormal operator
$p< \max(s, t)$
$\{T(s, t)\tau(s, t)*\}^{\frac{p+\min(_{\mathit{8},t})}{s+t}}\leq|T|^{2(\min}p+(S,t))\leq\{T(S, t)*\tau(S, t)\}^{\frac{p+\min(s,t)}{s+t}}$
Aluthge transform $T(s, t)$ $\frac{\mathrm{p}+\min(_{S},t)}{s+t}- \mathrm{h}\mathrm{y}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}\iota$ operator
.. ’
$\log$-hyponormal operator $p=0$ p-hyponormal
operator
[ 2.2] $T\in B(H)$ log-hyponormal operator $T$
$T=U|T|$ Aluthge transform $T.(.s, t)=|T|^{s}U|\tau|^{t}(0<S, t)$
$\{T(s,t)\tau(S, t)^{*}\}^{\frac{\min(\epsilon,t)}{s+t}}\leq|T|^{2\min}(S,t)\leq\{T(s,t)*\tau(S, t)\}^{\frac{\min(s,t)}{\epsilon+t}}$
Aluthge transform $T(s,t)$ $\frac{\min(s,t)}{s+t}$hyponormal operator
22
[ 23( [7] )] $0<p,$ $q,$ $r\in \mathbb{R}$ $A,$ $B\in B(H)$
$0\leq B\leq A$ $p+2r\leq(1+2r)q$ $1\leq q$
$B^{R_{\frac{+2r}{q}}}\leq(B^{r}A^{p}Br)^{\frac{1}{q}}$ , (1)
$(A^{r}B \mathrm{P}A^{r})\frac{1}{q}\leq A^{L_{\frac{+2\mathrm{r}}{q}}}$ (2)
(Figure )
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[ 2.4 (Fujii, Jiang, Kamei [5] )] $A,$ $B\in B(H)$
$\log B\leq\log A$ $\delta\in(0,1)$
$B^{\alpha}.\leq(e^{\delta}A)^{\alpha}$
$\alpha\in(0,1)$
[ 22 ] $T\in B(H)$ log-hyponormal operator $T$





$\alpha\in(0,1)$ $e^{\alpha\delta}|T|^{\alpha}\geq U|T|^{\alpha}U*$ $e^{\alpha\delta}U*|\tau|^{\alpha}U\geq$
$|T|^{\alpha}$
$e^{2\alpha s_{U^{*}|\tau}}|^{\alpha}U\geq e^{\alpha s_{1}}T|^{\alpha}\geq U|T|^{\alpha_{U}}*$
$A=e^{2\alpha\delta}U^{*}|\tau|^{\alpha_{U}},$ $B=e^{\alpha\delta}|T|\alpha,$ $c=U|T|^{\alpha_{U}}*$
$\circ$




$=\{(e^{-\alpha\delta}B)^{\frac{t}{\alpha}}(e^{-2\alpha s}A)$ $(e^{-\alpha\delta}B) \frac{\mathrm{t}}{a}\}^{\frac{s}{s+t}}$
$=e^{-\frac{2s\delta(2s+\mathrm{t})}{s+t}}(B^{\frac{t}{a}}$ A $B^{\frac{t}{\alpha}})^{\frac{\epsilon}{s+t}}$
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$p= \frac{2s}{\alpha},$ $q= \frac{s+t}{s},$ $r= \frac{t}{\alpha}$
$\frac{2(s+t)}{\alpha}=p+2r\leq(1+2r)q=\frac{(\alpha+2t)(_{S+}t)}{\alpha s}$





$p= \frac{2t}{\alpha},$ $q= \frac{s+t}{s},$ $r= \frac{s}{\alpha}$
$\frac{2(s+t)}{\alpha}=p+2r\leq(1+2r)q=\frac{(\alpha+2s)(_{S}+t)}{\alpha s}$
$\{T(s, t)T(s, t)^{*}\}^{\frac{s}{s+t}}\leq e^{-\frac{2s^{2}\delta}{s+t}}(B^{\frac{\mathrm{s}}{\alpha}}B^{\frac{2t}{\alpha}}B\frac{s}{\alpha})^{\frac{s}{s+t}}$
$=e^{-\frac{2\mathrm{s}^{2}\delta}{s+t}}B^{\frac{2s}{\alpha}}$
$\{T(_{S}, t)*\tau(S, t)\}^{\frac{s}{s+t}}\geq e^{-\frac{2s(2\mathit{8}+t)\delta}{s+t}}B^{\frac{2s}{\alpha}}=e^{-\frac{2s(2\epsilon+t)\delta}{\epsilon+t}}e^{2S}|\mathit{5}\tau|^{2}s$
$\geq e^{-\frac{2s\{2*+t)\delta}{s+t}}e^{\frac{2\epsilon^{2}\delta}{\epsilon+t}}\{T(s, t)\tau(s, t)^{*}\}\frac{s}{s+t}$
$\delta\in(0,1)$
$\{T(s,t)*\tau(S, t)\}\frac{s}{s+t}\geq|T|^{2s}\geq\{T(s, t)\tau(s, t)^{*}\}\frac{s}{s+t}$
$t<s$ [ ]
[ 25] $T\in B(H)$ $\sigma(T)$ , $\sigma_{p}(T)$
$z\in \mathbb{C}$ $T$ joint point spectrum
$(T-z)x=0$ $(T^{*}-\overline{\mathcal{Z}})x=0$
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non-zero vector $x\in H$ $T$ joint point spectrum
$\sigma_{jp}(T)$
[ 26] $T\in B(H)$ log-hyponormal operator
$\sigma_{p}(T)=\sigma_{j}(pT)$
[ ] $T\in B(H)$ $T=U|T|$ $T$ $U$
unitary operator $z=\rho e^{i\theta}\in\sigma_{P}(T)$ $Tx=U|\tau|X=$
$zx$ non-zero vector $x\in H$
$T$ Aluthge transform $\tilde{T}=|T|^{\frac{1}{2}}U|\tau|^{\frac{1}{2}}$ 22 $\tilde{T}$ $\frac{1}{2}-$




$|T|^{\frac{1}{2}}U*|T|X=\rho e^{-i\theta}|T|^{\frac{1}{2}}x$ $|T|$ $U^{*}|T|x=$
$\rho e^{-i\theta_{X}}$ $U|T|x=\rho e^{i\theta}x$ $|T|x=U^{*}U|T|x=\rho e^{i\theta}U^{*}x$










$0\leq<Qf,$ $f>=<\log|T|f,$ $f>-<U(\log|\tau|)U*f,$ $f>$
$=<\log|\tau|f,$ $f>-<(\log|\tau|)U^{**}f,$$Uf>$
















Putnam [11] hyponormal operator $T$
[ 3.1 (Putnam [11])] $T\in B(H)$
.
hyponormal operator
$||T^{**} \tau-TT||\leq \mathrm{m}\mathrm{e}\mathrm{a}\mathrm{s}\sigma(\tau)=\frac{1}{\pi}\int\int_{\sigma \mathrm{t}^{T}})\theta rdrd$
Xia [12], Cho, Itoh [4]
[ 32 (Xia [12], Ch\={o}, Itoh [4] )] $T\in B(H)$ $r$hyponormal operator
$(0<p<1)$
$|| \frac{(T^{*}T)p-(T\tau*)^{p}}{p}||\leq\frac{1}{\pi}\int\int_{\sigma(\tau)}r-p1d2rd\theta$
$T$ log-hyponormal operator $parrow+0$
[ 33] $T\in B(H)$ $\log$-hyponormal operator
$|| \log(\tau*T)-\log(\tau T^{*})||\leq\frac{1}{\pi}\int\int_{\sigma(\tau)}r^{-}d1\Gamma d\theta$
[ 34] $T\in B(H)$ p-hyponormal operator
L\"owner-Heinz’s inequality
$0\leq B\leq A,$ $0<p<1\Rightarrow B^{p}\leq A^{p}$







[ 35] $T\in B(H)$ approximate point spectrum $\sigma_{a}(T),$ .residual
spectrum $\sigma_{r}(T)$ $z\in \mathbb{C}$ $T$ joint approximate
point spectrum
$||(T-Z)f_{n}||arrow 0,$ $||(T^{*}-\overline{Z})f_{n}||arrow 0(narrow\infty)$
unit vector $\in H$ $T$ joint approximate
point spectrum $\sigma_{ja}(T)$
[ 36] $T\in B(H)$ $\log$-hyponormal operator
$\sigma_{a}(T)=\sigma_{j}(aT)$
[ ] $T\in B(H)\text{ _{}\dot{T}=}U|\tau|$ $z=\rho e^{i\theta}\in\sigma_{a}(T)$
$.\backslash$
$(T-z)fn=(U|T|-\rho e^{i})\theta fnarrow 0(narrow\infty)$
non-zero vector $\in H$
$(T^{*}-\overline{Z})fnarrow 0(narrow\infty)$
’
$T$ $U$ unitary operator $|T|$








operator [12, Theorem 125] $\sigma_{a}(\tilde{T})=\sigma_{j}(a\tilde{T})$
$(\tilde{T}^{*}-\overline{z})|\tau|^{\frac{1}{2}f_{n}}=|T|^{\frac{1}{2}}(U^{*}|\tau|-\rho e-i\theta)f_{n}arrow 0$
$(U^{*}|T|-\rho e-i\theta)f_{n}arrow 0$
$(U|T|-\rho e^{i})\theta fnarrow 0$
$(|T|-pe^{i\theta*}U)fn=U^{*}(U|T|-\rho e)i\theta f_{n}arrow 0$











$U^{*}g_{n}-\mu g_{n}arrow 0$ $Ug_{n}-\overline{\mu}g_{n}arrow 0$
$0\leq<Qg_{n},g_{n}>=<(\log|\tau|)gn’ g_{n}>-<(\log|\tau|)U*g_{n},$ $U^{*}g_{n}>$
$=<(\log|\tau|)g_{n},gn>-<(\log|T|)(U^{*}-\mu)gn’>U*gn$
$-<(\log|\tau|)\mu gn’(U^{*}-\mu)gn>-<(\log|T|)\mu gn’\mu gn>arrow 0$
















$U^{*}|T|(U^{*}+e^{-i\theta})f_{n}-e^{-}|i\theta T|(U^{*}+e^{-i\theta})f_{n}arrow 0$ (5)





[ 38] $T\in B(H)$ $T=U|T|$ $t\in[0,1]$




[ ] $\rho e^{i\theta}\in\sigma_{ja}(T)$ $T$ $0<\rho$ $U$ unitary operator
[12, Lemma 12.4]
$(U-e^{i\theta})x_{n}arrow 0$ $(|T|-\rho)xnarrow 0$
unit vector $x_{n}\in H$













$\tilde{\rho}e^{i\tilde{\theta}}\in\sigma_{ja}(\tilde{\phi}(\tau))$ [12, Lemma 12.4]
$(U-e)i\tilde{\theta}x_{n}arrow 0,$ $(\phi(|\tau|)-\tilde{\rho})xn=(|T|1-tt\tau|-\tilde{\rho})e^{1}xnarrow 0$










[ ] ...., .:.. . ..$\cdot$.
[ 39] $T\in B(H)$ $\frac{1}{2}$-hyponormal operator
$\mathrm{S}\subset \mathbb{C},$ $0\leq t\leq 1,0\leq r,$ $0\leq\theta<2\pi$
$T(t)=U|\tau|1-tte^{|\tau}|$ , $\tau_{t}(\rho ei\theta)=ei\theta-tt\rho\rho^{1}C$
$\sigma_{ja}(T(t))\cap\tau_{t}(\mathrm{s})=\sigma_{a}(T(t))\mathrm{n}\tau_{t}(\mathrm{s})$ $\forall t\in[0,1]$
$\sigma_{a}(T(t))\cap\tau_{t}(\mathrm{s})=\tau_{t}(\sigma a(\tau)\cap \mathrm{S})$ $\forall t\in[0,1]$ ,
$\sigma_{r}(\tau(t))\cap\tau_{t}(\mathrm{S})=\tau_{t}(\sigma(\Gamma T)\cap \mathrm{S})$ $\forall t\in[0,1]$ ,
$\sigma(T(t))\cap\tau_{t}(\mathrm{S})=\mathcal{T}t(\sigma(\tau)\cap \mathrm{S})$ $\forall t\in[0,1]$
[ ] $\rho e^{i\theta}\in \mathrm{S}$ $[0,1]\ni tarrow\tau_{t}(\rho e^{i\theta})=e\rho-tei\theta 1t\rho$ $t\in[0,1]$
$\tau_{0}(\rho’)$ $=\rho e^{i\theta}$
. . . ..
$\tau_{t}$ : $\mathrm{S}\ni\rho ei\thetaarrow e^{i\theta}\rho^{1-tt\rho}e\in\tau t(\mathrm{s})$
$\log\{(T(t))*(\tau(t))\}-\log\{(T(t))(T(t))*\}$
$=2(1-t)\{\log|T|-U(\log|T|)U^{*}\}+2t(|T|-U|T|U^{*})\geq 0$
$T(t)$ log-hyponormal operator 3.7, 3.8
$\sigma_{a}(T(t))=\sigma_{ja}(T(t))=\tau_{t}$ ( $\sigma_{j}$ $(T)$ )
$\sigma_{a}(T(t))\cap\tau_{t}(\mathrm{S})=\sigma_{ja}(\tau(t))\cap \mathcal{T}_{t(}\mathrm{s})=\mathcal{T}t(\sigma_{ja}(\tau))\cap \mathcal{T}_{t(\mathrm{S}})$
$=\tau_{t}(\sigma_{j}a(\tau)\cap \mathrm{S})=\mathcal{T}t(\sigma a(T)\cap \mathrm{S})$
$\sigma_{a}(T(t))\cap\tau t(\mathrm{S})=\mathcal{T}t(\sigma_{a}(T(0))\cap \mathrm{s})=\tau_{t}(\sigma a(\tau)\cap \mathrm{S})$
[12, Lemma 13.1]




[ 310] $T\in B(H)$ $\frac{1}{2}$-hyponormal operator
$T=U|T|$ $Ue^{|T|}$ $\log$-hyponormal operator-
$\sigma_{a}(Ue^{||})T=\{e^{\rho}e^{i\theta} : \rho e^{i\theta}\in\sigma_{a}(T)\}$ ,
$\sigma_{r}(Ue)|\tau|=$ $\{ e^{\rho}e^{i\theta} : \rho e^{i\theta}\in\sigma_{r}(T)\}$ ,
$\sigma(Ue^{1}T|)=$ $\{ e^{\rho}e^{i\theta} : \rho e^{i\theta}\in\sigma(T)\}$
[ ] $0\leq t\leq 1$
$T(t)=U|T|^{1}-tt|\tau e|$ , $\tau_{t}(\rho e)i\theta=e^{i\theta}\rho^{1-}e^{t}t\rho$




$\sigma_{a}(T(t))\cap\tau_{t}(\mathbb{C})=\tau_{t}(\sigma_{a}(T)\cap \mathbb{C})$ $\forall t\in[0,1]$ ,
$\sigma_{r}(T(t))\cap\tau_{t}(\mathbb{C})=’\tau_{t}(\sigma_{r}(T)\cap \mathbb{C})$ $\forall t\in[0,1]$ ,
$\sigma(T(t))\cap\tau_{t}(\mathbb{C})=\tau_{t}(\sigma(T)\cap \mathbb{C})$ $\forall t\in[0,1]$
36
the boundary of $\sigma(T(1))\subset\sigma_{a}(T(1))=\sigma_{ja}(T(1))$
$\subset\tau_{1}(\mathbb{C})=\{z\in \mathbb{C} : |z|\geq 1\}$
$T(1)=Ue^{|T|}$
$\sigma(T(1))=\sigma(Ue^{||})\tau\subset \mathcal{T}_{1}(\mathbb{C})$
$\sigma$ $(Ue^{|T})|=\tau_{1}(\sigma_{a}(\tau))=\{e^{\rho}e^{i\theta} : \rho e^{i\theta}\in\sigma_{a}(T)\}$ ,
$\sigma_{r}(Ue^{||})T=\tau_{1}(\sigma_{r}(\tau))=\{e^{\rho}e^{i\theta} : \rho e^{i\theta}\in\sigma_{r}(T)\}$ ,
$\sigma(Ue^{1}T|)=\tau_{1}(\sigma(T))=\{e^{\rho}e^{i\theta} : \rho e^{i\theta}\in\sigma(T)\}$
[ ]
[ 32 ] $\log(\tau*\tau)=\log|T|^{2}\geq 0$




$S \ovalbox{\tt\small REJECT}\dot{\mathrm{h}}\frac{1}{2}- \mathrm{h}\mathrm{y}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{l}$ operator 3.1
.
$||(s*S) \frac{1}{2}-(ss^{*})^{\frac{1}{2}}||\leq\frac{1}{2\pi}\int\int_{\sigma}(s)d_{\Gamma d}\theta$ (7)
$Ue^{|S|}=U|T|=T$ 3.10
$\sigma(T)=\sigma(Ue^{1})s|=\{eei\theta r|re^{i\theta}\in\sigma(S)\}$
$r=\log\rho$ $dr– \frac{1}{\rho}d\rho$ (7)










$T\in B(H)$ normal operator $T=U|T|$ unitary operator $U$
$U= \int_{\mathrm{t}\mathrm{f}}\lambda dE_{\lambda},$
$|T|= \int_{0}^{\infty}\mu dF_{\mu}$ $T$
$E_{\lambda},$ $F_{\mu}$ $\gamma=\{e^{i\theta} : a<\theta<b\}$ arc
$E(\gamma)H=H_{\gamma},$ $T_{\gamma}=T|_{H_{\gamma}}$
$H_{\gamma}$ $D_{\gamma}=\{re^{i\theta} : 0\leq r, \theta\in\gamma\}$ $T$
spectral subspace $\sigma(T_{\gamma})\subset\overline{D_{\gamma}}$
$T$ hyponormal $T=U|T|$
unitary operator $U$ Xia
[12] Cho, Itoh [3]
[ 4.1 (Ch\={o}, Itoh [3] )] $T\in B(H)$ $P$-hyponormal operator $(0<p<1$
$)$ $T=U|T|$ unitary $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\dot{\mathrm{a}}\mathrm{t}\mathrm{o}\mathrm{r}U=\int_{\mathrm{T}}\lambda dE_{\lambda}$
$H_{\gamma}=E(\gamma)H,$ $T_{\gamma}=U|_{H_{\gamma}}(E(\gamma)|T|^{2\mathrm{p}}E(\gamma))^{\frac{1}{2p}}|_{H_{\gamma}}$
$\sigma_{p}(\tau_{\gamma})\backslash \{0\}=\sigma_{p}(T)\cap D_{\gamma},$ $\sigma(T_{\gamma})\subset\overline{D_{\gamma}}$ ,
$\sigma_{a}(T_{\gamma})\cap D_{\gamma}=\sigma$ $(T)\cap D_{\gamma},$ $\sigma_{f}(T_{\gamma})\cap D=\sigma_{r}(\gamma\tau)\cap D_{\gamma},$ $\sigma(T_{\gamma})\cap D=\sigma(\gamma T)\cap D$
$T$ $\log$-hyponormal operator $T$ $U$ unitary operator
angular cutting ( )
[ 42] $T\in B(H)$ $\log$-hyponormal operator $U= \int_{\mathbb{F}}\lambda dE_{\lambda}$
$H_{\gamma}=E(\gamma)H,$ $T_{\gamma}=U|_{H_{\gamma}}(e^{E(\gamma)(\mathrm{l}})\mathrm{o}\mathrm{g}|T|)E(\gamma)|_{H_{\gamma}}$
$\sigma_{p}(T_{\gamma})=\sigma(p\tau)\cap D_{\gamma},$ $\sigma(T_{\gamma})\subset\overline{D_{\gamma}}$ ,
$\sigma$ $(T_{\gamma})\cap D=\sigma_{a}(\gamma\tau)\cap D_{\gamma},$ $\sigma_{f}(\tau_{\gamma})\cap D$ $=\sigma_{f}(T)\cap D_{\gamma},$ $\sigma(T_{\gamma})\cap D_{\gamma}=\sigma(\tau)\cap D_{\gamma}$
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